Abstmct-We introduce a class of optimal control problems on manifolds which gives rise (via the Pontryagin maximum principle) to a class of implicit Lagmngian systems (a notion which is introduced in the paper). We apply this to t h e mathematical modeling of interconnected mechanical systems and mechanical systems with singularities.
The aim of the present research is to contribute to a a mplementary theory of implicit Lagrangian systems, following the line of research initiated in 1121. In that paper it is shown that, for the particular class of electrical inductorcapacitor circuits, the implicit Hamiltonian models from 1111, [ZO] , 161 In the present paper, we extend the approach of 1121 from vector spaces towards manifolds. We show how a class of optimal cantrol problems on manifolds gives rise to a class of implicit Lagrangian systems (the notion of implicit Lagrangian system is introduced in the paper) with respect 1141, 151, 141. to generalized Dirac structures on manifolds. The variational interpretation is important, as it provides a systematic approach for deriving the equations of motion. The obtained implicit Lagrangian models may, under appropriate invertibility conditions (concerning a Legendre t r a n s formation), be converted into implicit Hamiltonian models. The present research thus provides an alternative approach for deriving (some classes of) implicit Hamiltonian models.
For some applications, it may be desirable to work directly with a Lagrangian formulation instead of an implicit Hamiltonian description. This may for example he the case when the Legendre transformation gives rise to tedious manipulations, or when the Legendre transformation is not invertible.
The present research provides the theoretical background for such a Lagrangian description. The theory is illustrated by means of two applications: interconnected mechanical systems and mechanical systems with singularities. We conclude this introduction with some hints for future research. The fact that the implicit Lagrangian systems of the present paper are characterized by a Dirac structure is very important. It suggests a modularity whereby interconnections of implicit (or classical) Lagrangian systems might again result in implicit Lagrangian system. This could be a subject of further research. The ultimate goal of the present research is to provide models that are useful for control design purposes. However, none of the Lagrangian control algorithms reported in 1141, 151, 141 applies directly to the present class of implicit Lagrangian systems. The generalisation of these control algorithms therefore remains an important topic for further research.
The paper is organized as follows. In Section I1 we introduce an optimal control problem and in Section I11 we discuss the Lagrangian and Hamiltonian nature of equations associated to this optimal control problem. In Sections IV and V we present two applications.
AN OPTIMAL CONTROL PROBLEM
We introduce the optimal cantrol problem that (under appropriate assumptions) will give rise to implicit Lagrangian systems. Before we state this optimal control problem, we introduce some notation.
Let X be B smooth n,-dimensional manifold (n. E N).
We consider a control system on X d = E.(z)u. (1) where El, , . . , E,, are smooth vector fields on X (n. E W).
(Throughout the paper we adhere to the summation convention according to which indices that appear twice in the same term are automatically summed over. In equation (l), for example, G ( z ) u . is a short-hand notation for E. Eo(z)~a.)
Let V be a vector bundle over X with nu-dimensional fibers (nu E N). We associate with every stateinput pair (x, U) an element U of V according to We apply the Pontryagin maximum principle to this problem and we study the Lagrangian and Hamiltonian structure of equations that determine its n o m a 1 Pontryagin extremals. (Throughout the paper we restrict attention to the normal Pontryagin extremals.) In order to carry out this plan, it is convenient to introduce local coordinates on X.
We take the deriv,ative of equation ( 5 ) with respect to time and eliminate < by means of equation (4) . This leads to the set of equations 
(10)
The factor between brackets in the first term of the right hand side of (8) Here we have introduced the Hamiltonian H ( x . p ) = P m % ( Z , P ) -L(Z,+>P)).
LAGRANGIAN AND HAMILTONIAN INTERPRETATION
In order to characterize the Lagrangian (respectively Hamiltonian) nature of equations (12)-(14) (respectively equations (16)-(lE)), we would like to give a coordinatefree interpretation to these equations. We are aware of at least two important cases where this is possible: in the case o f V being a trivial bundle and in the c~s e that there exists a bundle homomorphism U : T X -V such that Fa = U O E .
(a = 1,. . . ,nu). These two cases are not mutually exclusive.
Rigid body dynamics modeled by Euler-PoincarC equations, for example, fall into both class=. Classical Euler-Lagrange equations on manifolds, on the other hand, falls outside the scope of the first case, but fits the framework of the second case. We focus exclusively on the second case in the remainder of this paper.
We assume the existence of a smooth bundle homomor-
or, equivalently (see equations (1) and (Z)), such that
In coordinates, the assumed relation between E , and F, may be expressed as
With equation (ZO), equations (12)-(14) reduce to
and equations (16)- (18) reduce to 5; = Eai(z)u0,
A. Hamiltonian interpretation
First, we introduce a generalized Dirac structure ' D on V', the dual of the vector bundle V, as fallows. (See the Appendix far terminology and notation.) The bundle hmomorphism o gives rise to a dual bundle homomorphism U* from V' to T'X. The pull-hack of the natural symplectic structure on T'X by means of U* defines a presymplectic structure w on V'. We define ' D to he the generalized Dirac structure on V' that is induced by the presymplectic structure w on V' and the vector fields €1: . . . , E,,, on X. in the sense of Lemma 1 in the Appendix.
Next, we introduce a Hamiltonian function H on V', as follows. The function L gives rise to a Legendre transformation FL from V to V', defined (in coordinates) 85 follows:
This leads to the definition of a Hamiltonian function on V, which we denote by E :
Assuming that the Lagrangian L is hyperegular, that is, that PL is a smooth global diffeamorphism, we define H ffi the push-forward of E by means of IFL.
The following theorem asserts the Hamiltonian nature of equations (24)-(26). 
E. Lagmngzan interpretation
In contrast with the previous subsection, we do not it^ sume hyperregularity of the Lagrangian in the present subsection.
We introduce a generalized Dirac structure V L on V BS follows. The pull-back of the presymplectic structure w on V' hy means of PL defines a presymplectic structure wL on V . We define VL to he the generalized Dirac structure on V that is induced hy the presymplectic structure wL on V and the vector fields Et, . . . , E,. on X , in the sense of Lemma 1 in the Appendix.
The following theorem asserts the Lagrangian nature of equations (21)-(23).
Theorem 2. The set of equations (21)-(23) is a coordinate ezpression of the dynamics 
C. Discusion of Theorems 1 and 2
The Lagrangian description is more generally applicable than the Hamiltonian description. The interpretation of equations (21)-(23) as an implicit Lagrangian system on V does not m u m e regularity of the Lagrangian, whereas the derivation of equations (24)-(26) and hence its interpretation as an implicit Hamiltonian system on V' assumes hwerregularity of the Lagrangian. This is because we take the Lagrangian L (or more generally, the associated optimal control problem) ffi the starting point for our derivations. (23) and (24)- (26) characterizes the generalized Dirac structure, it is not a state variable; that is, its initial value need not he specified in initial value problems.
If the vector fields El, . . . , E,, span the complete tangent space T'X at each z E X , then the generalized Dirac structure ' D (and 'DL) is presymplectic. This case is complementary to the case discussed in [Zl] . That paper considers variational problems on a vector bundle (a Lie algebmid) V over X that is equipped, among others, with a bundle h* momorphism p : V -+ TX, giving rise to a Poisson structum on v'.
IV. APPLICATION 1: INTERCONNECTED MECHANICAL
When two mechanical systems switch from a noninterconnected configuration t o an interconnected configuration (characterized by a holonomic constraint), the total number of degrees offreedom decreases. This may be taken into account by introducing new generalized coordinates for the interconnected configuration. In that approach there is no obvious relationship between the interconnected and the non-intercannected model.
Alternatively, if a Hamiltonian description of the individual mechanical systems is available, then the interconnected system may be described in terms of the original configuration and momentum variables BS an implicit Hamiltonian system with respect to a generalized Dirac structure that takes into account the interconnection constraint.
This section illustrates that a complementary Lagrangian description of the interconnected configuration is possible in terms of the original configuration and velocity variables and that this description derives from a variational principle.
We illustrate the approach by means of an academic example. We consider two particles in a plane, whose unconstrained dynamics are determined by their joint Lagrangian. As a constraint, we fix the distance bet.ween both particles? e.g., by putting a rigid massless link between them. This situat,ion bears some similarity with grasping maneuvers where two robot arms manipulate a common rigid light object.
We identify the plane with Wz and denote the natural coordinates on the configuration space X = Wz x W2 by (zI.z~,z~,z~). Here 21 and 2 2 (respectively 2 3 and 2 4 ) represent the position of the first particle (respectivdy of the second particle). We define V = W* x Ra x Wz x RZ and denote the natural coordinates on V by ( % * , h ,~~, =~, y l , 2 . 2 ,~~,~,~) . Herev1 and vs (respectivelyzrz and ~4 ) represent the velocity of the first particle (respectively of the second particle). The bundle homomorphism 0 is characterized by The unconstrained motion of the particle is determined by their joint Lagrangian L ( z 3 u ) . The constraint, which fixes the distance between both particle, may be given the following image representation:
The dynamical behavior of the interconnected particles is governed by the following optimal control problem: among all piecewise continuous control inputs U I , U Z , U Q : [ti, tr] -W that steer z from zi a t ti to zr at ti according to the dynamics (33), find that control that minimizes J : This yields the following implicit Lagrangian description for the interconnected particles:
If 5 A different treatment of the present example is given in [Z]: first, a Hamiltonian input-output formulation is given for the forced motion of a particle (with force as input and velocity as output) &d secondly, forces and velocities are eliminated by imposing the constraint which fixes the di6 tance between both particles. This results in an implicit Hamiltonian description of the constrained particles.
The implicit Hamiltonian system of 121 differs from equations (37)-(39) of the present paper in that we use an image representation of the constraint, whereas [2] uses the kernel
Notice that, when we impose a zero distance between both particles ( 2 , = 2 3 and 2 2 = zq); then the image representation yields XI = 53 and fz = ir as expected, whereas the kernel representation yields the redundant equation 0 = 0.
V. APPLICATION 2: MECHANICAL SYSTEMS WITH
Consider a horizontal bar with mass m, constrained to move in the vertical direction, interconnected with a massless pendulum of length 1 and moving in a uniform gravitational field characterized by the gravitational constant . , part, the approach from the present paper yields a Lagrangian model (48) and a Hamiltonian model (49), both of which have a remarkably simple structure.
The mechanical example of this section gives rise t o singular differential equations. Ail the obtained models (41), (48) and (49) are singular when sin(0) = 0. This is due to the geometry of the system, but is not related to the precise form of the force acting on the horizontal bar. The purpose of our manipulations was not to remove this siugularity. Rather, we were interested in obtaining models whose structure truly reflects the geometric nature of the singularity. This is accomplished in equations (48) and (49), where the singularity is captured by the underlying Dirac structure (which is actually presymplectic in this case).
The Lagrangian expressed as a function of 0 and 4 is given 
is not invertible, which complicates a Hamiltonian descrip tion in terms of (0,f).
Using the approach outlined in the present paper, we rewrite the Lagrangian BS 
